We study the moduli maps for smooth curves on general Enriques surfaces and find the fiber-dimensions of those maps on all components of the moduli space of polarized Enriques surfaces. In most cases, the moduli maps to the moduli space of Prym curves are in fact generically injective or dominant. Exceptional behaviour is mostly related to existence of Enriques-Fano threefolds and to curves with nodal Prym-canonical model. Theorem 3. The dimension of a general fiber of χ g,1 and of c g,1 is max{10 − g, 0}.
Introduction
Moduli of curves on projective surfaces have been the object of intensive study for a long time. For instance, since Severi, moduli of plane nodal curves played a crucial role in the study of unirationality of M g for g 10 . In more recent times the socalled Mukai map c g from the (19 + g)-dimensional moduli space of K3 sections of genus g to M g has been given much attention in relation to the birational geometry of M g and of the moduli space of K3 surfaces of genus g. In particular c g is dominant for g 11 and g = 10, is birational onto its image for g 11 and g = 12, and its image is a divisor in genus 10 and it has generically one-dimensional fibers in genus 12 [32, 33, 34, 31, 11] . Notable are the relations of pathologies of c g with the existence of Fano and Mukai manifolds [10, 7] . Making the picture even more interesting is the fact that the slope conjecture is false for the divisor image of c 10 [19] . Also the study of c g in higher genus is very intense: Mukai's program towards reconstructing a fiber of c g is now proven [32, 1, 20] , moreover, the image of c g has been recently characterized, via the Gauss-Wahl map, for Brill-Noether-Petri general curves [2, 45] .
In this paper we consider smooth curves on Enriques surfaces, which is somehow related to the K3 case discussed above, since the universal covering of an Enriques surface is a (special) K3 surface. Despite the fact that Enriques surfaces are at least as classical as their K3 cousins, the moduli of curves on them have not been systematically investigated so far. Probably this is due to the fact that the Enriques case is much more complicated and rich due to the presence of many components of polarized such surfaces even when fixing the genus of the polarization. Remarkably enough our results fully describe the moduli map on all such components. It should be noticed that there are some striking analogies with the K3 case, including some behaviour induced by the existence of Enriques-Fano threefolds, as well as more exceptional behavior, e.g., related to curves with nodal Prym-canonical models.
We now present our results. Let E denote the smooth irreducible 10-dimensional moduli space parametrizing smooth, complex Enriques surfaces, cf. [3, , and E g,φ the (in general reducible) moduli space of pairs (S, H) such that [S] ∈ E and H is a big and nef line bundle on S such that H 2 = 2g − 2 and φ(H) = φ, where (1) φ(H) := min E · H | E ∈ NS(S), E 2 = 0, E > 0 .
The notation E g,φ was used in [8] for the moduli space parametrizing pairs (S, H) as above such that H is ample, but this is a dense open subset in E g,φ in the present paper by [23, Rem. 3.3] . Recall that φ 2 2g − 2. Denote by EC g,φ the parameter space for triples (S, H, C) where (S, H) ∈ E g,φ and C ∈ |H| is a smooth irreducible curve. Note that EC g,φ has precisely as many irreducible components as E g,φ . There are natural morphisms (2) EC g,φ
where R g is the moduli space of Prym curves, that is, of pairs (C, η), with C a smooth, irreducible, genus g curve and η a non-zero 2-torsion element of Pic 0 (C). The map p g,φ realizes EC g,φ as an open subset of a P g−1 -bundle over E g,φ , while χ g,φ sends (S, H, C) to the Prym curve (C, ω S ⊗ O C ). The morphism c g,φ is just the composition of the latter with the natural covering map R g → M g , which has degree 2 2g − 1. By a dimension count, one could expect χ g,φ and c g,φ to be dominant (on some or all components) for g 6 and generically finite (on some or all components) for g 6.
As far as we know, the only known result so far concerning the maps χ g,φ and c g,φ is the one of Verra [42] stating that χ 6,3 is dominant, equivalently generically finite (note that E 6,3 is irreducible).
Our main results are the following. We present the cases φ 3, φ = 2 and φ = 1 separately. We refer to the table in §2 and Notation 3.4 for the definition of the various components of EC g,φ showing up in the results below. Theorem 1. Assume that φ 3 (whence g 6). The map χ g,φ : EC g,φ → R g is generically injective on any irreducible component of EC g,φ not appearing in the list below, for which the dimension of a general fiber is indicated: comp In particular, we obtain that χ 6,3 : EC 6,3 −→ R 6 is birational, improving the result of [42] . Moreover, in analogy with the K3 case, for any g 8 there is a component of E g,φ on which χ g,φ is generically injective, whereas on E 7,3 (which is irreducible and the only component of E with those invariants), the map χ g,φ has generically one-dimensional fibers. However, in contrast to the K3 case, there are more components of E g,φ for g 8 where χ φ,g is not generically finite. This phenomenon can be explained by the existence of Enriques-Fano threefolds, see §4.
For φ = 2 we obtain:
Theorem 2. The map χ g,2 : EC g,2 → R g is generically finite on all irreducible components of EC g,2 when g 10. For g 9 the dimension of a general fiber of χ g,2 on the various irreducible components of EC g,2 is as follows: comp In particular, χ g,2 is dominant precisely on EC 3,2 and EC 4,2 and is generically finite on at least one component of EC g,2 precisely for g 8. The positive-dimensional fibers of χ 9,2 on EC (II) + 9,2 and EC (II) − 9,2 can again be explained by the existence of Enriques-Fano threefolds, see Lemma 4.2. The other positive-dimensional fibers are due to the fact that the image of χ g,2 lies in quite special loci, as we now explain. Define:
• R 0 g -the locally closed sublocus of R g of pairs (C, η) for which the complete linear system |ω C (η)| is base point free and the map C → P g−2 it defines (the so-called Prym-canonical map) is not an embedding. This locus is irreducible (and unirational) of dimension 2g + 1 for g 5 by [9, Thm. 1] . (Obviously, R 0 g is dense in R g for g 4.) Moreover, for the general element, the Prym-canonical map is birational onto its image, and its image has precisely two nodes. • R 0,nb g -the closed sublocus of R 0 g of pairs (C, η) for which the Prym-canonical map is not birational onto its image. This locus is irreducible of dimension 2g − 2 for g 4 and dominates the bielliptic locus in M g via the forgetful map R g → M g by [9, Cor. 2.2] . • D 0 5 -the closure in R 0 5 of the locus of pairs (C, η) for which the image of the Prym-canonical map is 4-nodal. By [9, Prop. 5.3] this locus is an irreducible (unirational) divisor in R 0 5 dominating the locus of curves with two autoresidual g 1 4 s in M 5 (cf. [28, Thm. 2.10] ). The image of χ g,2 (on any component of EC g,2 ) always lies in R 0 g , cf. Lemma 3.5(ii)-(v), and consequently, by counting dimensions one a priori sees that χ g,2 cannot be dominant for g = 5, 6 and cannot be generically finite for g = 7. Furthermore, as a consequence of Theorem 2, the maps χ g,2 dominate some of the peculiar loci above in various cases. Indeed, it follows from Proposition 7.1(i)(ii) and Corollary 8.9 that:
• χ dominates D 0 5 . For φ = 1 the moduli spaces E g,1 are irreducible for all g and the image of χ g,1 (and of c g,1 ) lies in the hyperelliptic locus, cf. Lemma 3.5(i), hence the expected fiber dimension is max{10 − g, 0}. We prove that this is indeed the dimension of a general fiber: Theorem 1 will be proved in §6, wheras Theorem 2 is obtained by combining Propositions 6.6, 7.1 and 8.1. Theorem 3 will be proved in §7. The core of the strategy of proof lies in §5, where we develop tools to compute the cohomology of twisted tangent bundles on Enriques surfaces.
In conclusion we remark that our work leaves several interesting open questions. For example: is it possible to characterize curves on Enriques surfaces in terms of the suitable Gauss-Prym map? In the cases of generic injectivity of χ φ,g , is it possible to develop an analogue of Mukai's programme of explicit reconstruction of the Enriques surface from its Prym curve section? The last question was proposed to us by Enrico Arbarello.
Acknowledgements. The authors thank Alessandro Verra and Enrico Arbarello for useful conversations on the subject and acknowledge funding from MIUR Excellence Department Project CUP E83C180 00100006 (CC), project FOSICAV within the EU Horizon 2020 research and innovation programme under the Marie Skłodowska-Curie grant agreement No 652782 (CC, ThD), GNSAGA of INDAM (CG), Bergen Research Foundation (ThD, ALK) and grant n. 261756 of the Research Council of Norway (ALK).
Moduli spaces of Enriques surfaces
We first briefly recall some well-known properties of divisors on Enriques surfaces. Any irreducible curve C on an Enriques surface satisfies C 2 −2, with equality occurring if and only if C is smooth and rational. Such curves are called nodal, and Enriques surfaces containing (repectively, not containing) such curves are called nodal (resp., unnodal). It is well-known that the general Enriques surface is unnodal, cf. references in [15, p. 577 ].
An effective divisor E is said to be isotropic if E 2 = 0 and E ≡ 0 and primitive if it is non-divisible in Num S. If E is primitive, isotropic and nef, then |2E| is a base point free pencil with general member a smooth elliptic curve, cf. [16, Prop. 3.1.2] . In this case, dim(|E|) = 0 and E is called a half-fiber, cf. [16, p. 172 ]. Conversely, any elliptic pencil |P | contains precisely two double fibers 2E and 2E ′ , and E ′ ∼ E + K S . It is clear that, when H is nef, the invariant φ(H) in (1) is computed by a half-fiber.
Let E (resp. K ι ) denote the 10-dimensional smooth moduli space parametrizing smooth Enriques surfaces (respectively, smooth K3 surfaces with a fixed point free involution), and let K denote the 20-dimensional moduli space parametrizing smooth K3 surfaces. We have a natural map
Let E g,φ (respectively, E g,φ ) denote the moduli space of polarized (resp., numerically polarized) Enriques surfaces, that is, pairs (S, H) (resp., (S, [H])) such that [S] ∈ E and H ∈ Pic(S) (resp., [H] ∈ Num(S)) is big and nef with H 2 = 2g − 2 2 and φ = φ(H).
There is an étale cover E g,φ −→ E, and E g,φ is smooth, cf. [8, §4] (the proof works without the ampleness assumption). There is also an étale double cover defined on the locus parametrizing ample line bundles ρ : The spaces E g,φ need not be irreducible. In [8] various irreducible components were determined and their unirationality or uniruledness was proved. In particular, all components are determined and described for φ 4 and g 20 respectively. The description is in terms of isotropic decompositions, as we now explain.
By [26, Lemma 2.12] , any effective line bundle H with H 2 0 on an Enriques surface can be written as (4) H ≡ a 1 E 1 + · · · + a n E n where all E i are effective, non-zero, primitive and isotropic, all a i are positive integers, n 10 and moreover
We also list for later use all irreducible components of E 17,4 : 
Generalities on moduli maps
Recall that if a divisor H on an Enriques surface is big and nef such that H 2 = 2g − 2, then |H| contains irreducible curves if either g > 2 or g = 2 and S is unnodal, by [15, Prop. 2.4] . Hence, as is well-known (see [13, Thm. 4 .1 and Prop. 8.2]), the general member of |H| is a smooth curve of genus g. As we explained in the Introduction, one could expect χ g,φ and c g,φ from diagram (2) to be dominant (on some or all irreducible components) for g 6 and generically finite (on some or all irreducible components) for g 6. This expectation fails in the cases φ = 1, 2 for low genera as the curves in |H| are all special from a Brill-Noether theoretical point of view, cf. Lemma 3.5 below. It also fails in case of existence of Enriques-Fano threefolds, as we will see in §4 below.
Recalling the map (3), set K ι g,φ = δ −1 (E g,φ ); thus K ι g,φ is a component of the moduli space of polarized K3 surfaces ( S, H, ι) of genus 2g − 1 with a fixed point free involution ι, and K ι g,φ ⊂ K 2g−1 , where the latter denotes the irreducible moduli space of polarized K3 surfaces of genus 2g − 1. We have the diagram
is the open subset of a P g−1 -bundle over K ι g,φ whose fiber over ( S, H, ι) consists of all smooth integral curves C ∈ | H| that are invariant under the involution ι. The above maps are restrictions of the projections in the diagram
The spaces H 1 (T S (−C)) and H 1 (T S (− C)) in the lemma are related in the following way. Let π : S → S be the K3 double cover of an Enriques surface S, polarized by a big and nef line bundle H such that C ∈ |H|. Set H := π * H, so that C ∈ | H|. As π is étale, we have π * T S ≃ T S . Therefore,
is finite, then it consists of only one point, and also
Proof. Thanks to the map δ in (3), the fact that
is a point, where c ι g,φ is as in (6) . The latter will follow if also c −1 2g−1 ([ C]) is a point. By [11] , this property follows if [ C] has a corank one Gauss-Wahl map, cf. [ [7] . Hence, to show that c −1 2g−1 ([ C]) consists of exactly one point, it suffices to have that it is finite.
We have therefore left to prove that Cliff( C) 3. Since the Clifford index is constant among all smooth curves in the linear system |H| (see [22] ), we may assume that C is general in its linear system. Furthermore, Cliff( C) 3 is equivalent to gon( C) 5, which is satisfied if gon(C) 5. The cases with gon(C) < 2φ(H) are classified in [26, Cor. 1.5] and a direct check of them shows that gon(C) 5 when φ 3 and g 7. If g = 6, we use the assumption that S is general, whence, by [38, Thm. 1.1], we have gon( C) = 2φ(C) = 6.
g,φ is generically finite. In any case, the dimension of a general fiber of χ ′ g,φ is h 1 (T S (−H)). Proof. This follows from Lemmas 3.2 and 3.1, as well as (10) .
In the rest of the paper we will adopt the following:
, as well as the restrictions of the maps χ g,φ and c g,φ to this irreducible component, by the same superscipts as the ones used to label E ′ g,φ . For instance, we set EC .
We finish this section with a lemma that will be needed later. We refer to the introduction for the definitions of the loci R 0 g , R 0,nb 5 and D 0 5 . 
Fibers of the moduli maps and Enriques-Fano threefolds
The aim of this section is to prove the following two results that we will need later. ) with E 1 and E 2 nef, such that h 1 (T S (−H)) 1 (resp., h 1 (T S (−H)) 2 and h 1 (T S (−H + K S )) 1). These lemmas will be deduced from the existence of suitable Enriques-Fano threefolds. An Enriques-Fano threefold of genus g is a pair (X, L) where X is a normal threefold, not a cone, and L is an ample line bundle on X with L 3 = 2g−2 such that the general surface S ∈ |L| is a smooth Enriques surface. One easily sees that the restriction H 0 (X, L) → H 0 (S, L| S ) is onto, whence h 0 (X, L) = g + 1. Such threefolds with terminal singularities are classified in [4, 40] , and examples with canonical, nonterminal singularities are given in [27, 37] , but a full classification of these threefolds is still missing.
We will in the following assume that |L| is base point free and that the morphism φ L determined by |L| maps X birationally onto its image in P g . We will, by abusing terminology, also refer to X or φ L (X) alone as an Enriques-Fano threefold.
Next we record two propositions and a lemma that will be useful in the sequel:
Let (X, L) be an Enriques-Fano threefold of genus g. Let S ∈ |L| be general, and C ∈ |L |S | be general so that the triple (S,
Then the dimension of the fiber of c g,φ at (S, L |S , C) is at least 1.
Proof. Consider the linear pencil l in |L| with base locus C, so that S ∈ l. Consider the open subset U of l whose points correspond to smooth sections of X. We claim that two general points of U correspond to non-isomorphic polarised Enriques surfaces (S ′ , L |S ′ ), (S ′′ , L |S ′′ ). The assertion clearly follows from this claim.
To prove the claim, suppose, to the contrary, that all points of U correspond to isomorphic polarised Enriques surfaces. This implies that two general members in |L| are isomorphic as polarised Enriques surfaces, whence that two general hyperplane sections of Y = φ L (X) are projectively equivalent. By [36, Prop. 1.7] (which applies in fact to all varieties different from cones) this would imply that the general hyperplane section of Y is ruled, a contradiction. Proposition 4.4. Let (X, L) be an Enriques-Fano threefold of genus g. Then the dual of φ L (X) is a hypersurface. Therefore, if l is a general linear pencil in |L|, then the surfaces parametrized by points of l are smooth, except for a finite (nonzero) number having a single isolated double point of type A 1 .
Proof. We argue by contradiction and suppose that the dual of Y := φ L (X) is not a hypersurface. Then the general tangent hyperplane Π to Y is tangent to Y along a linear subspace of positive dimension h. If h = 2, then Y is swept out by planes, and therefore its general hyperplane section is a scroll, a contradiction. Hence h = 1. Let x ∈ Y be a general point and let Π be a general tangent hyperplane at x. Then Π is tangent to Y along a line ℓ Π . If ℓ Π varies with Π then there would be infinitely many lines in Y containing the general point x. This would imply that the general hyperplane section of Y contains a 1-dimensional family of lines, a contradiction. Hence ℓ Π does not depend on Π, which implies that Y is ruled by lines. This yields that two general hyperplane sections of Y are birational. Then two general surfaces in L are also birational, hence they are isomorphic because they are minimal. Moreover, they are isomorphic as polarised Enriques surfaces (the polarization being given by the restriction of L). This in turn implies that two general hyperplane sections of Y are projectively equivalent, and we find a contradiction as in the proof of Proposition 4.3.
The final assertion of the proposition is standard, it follows, for instance, by the Infinitesimal Bertini Theorem, cf. [6, Thm. 2.2] (stated for smooth varieties, but in fact valid without the smoothness assumption). Lemma 4.5. Let X ⊂ P r be an irreducible, non-degenerate, unirational variety. If the general hyperplane section H of X is not unirational, then X is not a cone.
Proof. Suppose, by contradiction, that X is a cone. Then X would be birational to H × P 1 , which would be unirational. Then H would be unirational, a contradiction.
The classical Enriques-Fano threefold Y of genus 13 is the image of P 3 via the linear system of sextic surfaces that are double along the edges of a tetrahedron, cf. [12, 18] . Its smooth hyperplane sections are general Enriques surfaces with polarization of the form 2(
Lemma 4.6. There is a family of Enriques-Fano threefolds in P 7 whose hyperplane sections are general Enriques surfaces S with (S, O S (1)) ∈ E 7,3 .
Since we assume that S is unnodal, F is an irreducible curve of arithmetic genus one. As L · F = 6, the curve F spans a P 5 in P 13 . Arguing similarly to [27, Pf. of Prop. 13.1], consider the projection P 13 P 7 from this P 5 and let X be the (closure of the) image of Y . Under this map, S is mapped by the line bundle L − F ∼ H, whence it is mapped into P 6 to a smooth hyperplane section of X. As in [27, Pf. of Prop. 13.1], X is a threefold and not a cone. The latter also follows from Lemma 4.5. 
, and E 1 and E 2 are nef.
Proof. We have W ⊂ P 17 . Set L = O W (1) and L| S = L. By [37, Pf. of Lemma 3.1], we have that W is a quotient π : V → W of a Gorenstein Fano threefold V with canonical singularities by an involution. Moreover, setting S = π −1 (S), the induced map π| S : S → S is the K3 double cover of S. The threefold V is the cone over the anticanonical embedding of
, and this implies that L + K S is not 2-divisible. Hence, L is 4-divisible in Pic(S), and the only possibility is L ∼ 4(E 1 + E 2 ) as desired. The divisors π| * S E i , i = 1, 2, are induced by the double cover S → P 1 × P 1 , whence they are nef, and so is each E i . Projecting W from a general member of |2E 2 | (resp., the single member of |2E 2 +K S |), of a general hyperplane section S, we get a threefold W ′ in P 9 having as hyperplane sections projective models of Enriques surfaces defined by |4E 1 + 2E 2 | (resp., |4E 1 + 2E 2 +K S |), with two double lines as in [16, Thm. 4.6.3] . The threefold W ′ is unirational by Lemma 4.7, whence not a cone by Lemma 4.5.
Consider f : X → W ′ the normalization and L = f * (O W ′ (1)). Then (X, L) is an Enriques-Fano threefold. By applying again Proposition 4.3, we see that the map c (II) + 9,2 (resp., c (II) − 9,2 ) has positive-dimensional general fibers. By Lemma 3.1 and semicontinuity, this implies that
such that S appears as a general hyperplane section of W ′ .
Given the curve section C ′ of W ′ with a general codimension 2 subspace, there is a pencil l of hyperplane sections of W ′ containing C ′ . The general member of l has precisely two double lines as singularities (the images of E 1 and E ′ 1 = E 1 + K S ). Moreover, by Proposition 4.4, there are finitely many members of l with precisely one double point of type A 1 as further singularity. Normalizing the total space of l, we obtain a family of Enriques surfaces with smooth general member, and some members with one double point of type A 1 , all containing the normalization C of C ′ .
Let S 0 be the minimal desingularization of a member of l having an additional A 1point (in case (II) + ). Let us prove that h 1 (T S 0 (−C)) > 1. Since we have just proved that h 1 (T S 0 (−C + K S )) > 0, this will conclude the proof of the lemma. Assume by contradiction that h 1 (T S 0 (−C)) 1. By the above (and Lemma 3.1), this implies that the fiber of c
We may obtain from the above one-dimensional family of Enriques surfaces containing C a one-dimensional family (S b ) b∈B of smooth Enriques surfaces containing C with S 0 as a special fiber. The fiber of c (II) + 9,2 over C locally coincides with this family at the point [(S 0 , O S 0 (C), C)]. Let Γ be the exceptional (−2)-curve on S 0 . For a general b ∈ B, of course the surface S b does not contain a deformation of the curve Γ. Write C ∼ 4E 1 + 2E 2 on S 0 , and consider D 0 the unique element in the pencil over C, which is a proper subvariety since, as we saw, for general b ∈ B, the surface S b does not contain a deformation of the curve Γ. Therefore, (c
. But, as we saw at the beginning of this proof, the general fiber of c
is positive-dimensional, yielding a contradiction.
Computing cohomology of twisted tangent bundles
In the rest of the paper we adopt the following: Notation 5.1. For an Enriques surface S, we denote by π : S → S the K3 double cover. For any divisor (or line bundle) D on S we write D := π * D.
In view of Corollary 3.3 and (10), in this section we will develop some tools for computing or bounding h 1 (T S (− H)), where H is a big and nef line bundle on S.
Let F 1 and F 2 be two half-fibers such that F 1 ·F 2 = 1. Then | F 1 + F 2 | is base point free, its general curve is hyperelliptic and by [39] it defines a double cover g :
Lemma 5.2. Let H be a big and nef line bundle on S and F
Proof. Dualizing the sequence of relative differentials and tensoring by O S (− H) we get
Since H is big and nef, we have h 0 (2 F i − H) = 0, and the result follows.
The following bounds on β will be useful later on:
Indeed, (11) follows by reasons of degree, as
whereas (12) follows from the exact sequence
Let next G 1 and G 2 be two isotropic divisors such that G 1 · G 2 = 2 and G 1 + G 2 is nef (e.g., G 1 and G 2 are half-fibers). Then | G 1 + G 2 | is base point free and defines an embedding S ⊂ P 5 whose image is a complete intersection of three quadrics by [39] . Set
is the multiplication map of sections. 
The normal bundle sequence twisted by O S (− H) is
Taking cohomology, and using (14) and (15), yields the desired result (using that h 0 (T S (− H)) = 0 by the Mori-Sumihiro-Wahl Theorem [30, 43] when H ≡ G 1 + G 2 ).
Remark 5.4. Pushing forward (16) by π and using (9), we obtain a splitting of the coboundary map into the direct sum of
We end this section with some results that will be useful to compute the corank of multiplication maps. They are similar to the generalization by Mumford 
Proof. This follows by tensoring the evaluation exact sequence
with O S (F ) and taking cohomology. 
Fiber dimensions of moduli maps
In this section we will apply the results of the previous section, combined with Corollary 3.3 and (10), to prove Theorem 1 and part of Theorem 2.
We will make use of the following facts. Let S be an Enriques surface. For any divisor D such that D 2 0, either D or −D is effective. If moreover S is unnodal, then any effective divisor D is nef, and it is ample if and only if D 2 > 0. Thus, for any divisor D on S we have (by Riemann-Roch) A · B = 0 ⇐⇒ A 2 = 0 and A ≡ kB for some k ∈ Q.
We use Notations 2.1 and 5.1. We say that a simple isotropic decomposition of some nef divisor H contains 10
. . , 10 and α 1,2 a 1,2 . Lemma 6.1. Assume S is an unnodal Enriques surface and H a big and nef line bundle on S. We have h 1 (T S (− H)) = 0 if a simple isotropic decomposition of H contains
By [16, Cor. 2.5.6] there are primitive isotropic F 1 , F 2 such that F 1 · F 2 = F i · E j = 1 for i ∈ {1, 2} and j ∈ {1, 2, 3, 4, 5} and such that F j ≡ 1 2 (E 1 + · · · + E 5 ) − 1 E 1 ·D D. We apply Lemma 5.2. We have (F 1 + F 2 ) · H 10, whence β = 0 by (11) . We have
with equality if and only if D 2 = 0 and D ≡ k(E 1 + · · · + E 5 − 2F 1 ) for some k ∈ Q by (19) . In the latter case, intersecting with (18) . By symmetry, also h 1 (H − 2F 2 ) = h 1 (H − 2F 2 + K S ) = 0, so that α = 0. The result then follows from Lemma 5.2.
(
where D is effective with D 2 0. By symmetry, we may assume that (20) D · E 4 D · E 2 .
We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 .
We (18) . Hence α = 0.
We next prove that β = 0. We will apply (12) . We first note that, by (17),
But in the latter case we must have D · E 3 = 0 by (20), contradicting (19) . In the former (18). Thus, β = 0 by (12) .
where D is effective with D 2 0. By symmetry, we may assume that
We apply Lemma 5.
by (21) , and (H − 2E 2 ) 2 = 0 if and only if (D 2 , (3E 1 + E 3 − E 2 ) · D) ∈ {(0, 1), (2, 0)}. But in the latter case we must have D · E 1 = 0 by (21), contradicting (19) . In the first case we have D · (H − 2E 2 ) = 1, implying that (H − 2E 2 ) is primitive. It follows that h 1 (H − 2E 2 ) = h 1 (H − 2E 2 + K S ) = 0 again by (18) . Hence α = 0.
But in the latter case we must have D · E 1 = 0 by (21), contradicting (19) . In the first (18) . Thus, β = 0 by (12) .
where D is effective with D 2 0. We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 and argue as in (c).
(e) We have H ∼ 2E 1 + E 3 + E 1,2 + D, where D is effective with D 2 0. We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 3 . (18) . It follows that α = 0.
We have (H−2E
To prove that β = 0, we will use (11) and (12) . We first note that
by (17), as (
To finish the proof that β = 0 we divide the treatment in different cases.
Assume that E 1,2 is present in the isotropic decomposition of D. Then E 1 · H 5 and E 3 · H 4, so that β = 0 by (11) .
Assume that E 3 is present in the isotropic decomposition of D, whereas E 1,2 is not. (18) . Hence β = 0 by (22) and (12) .
Assume that E j is present in the isotropic decomposition of D, for j = 1 or 2, whereas E 3 is not. Then D · (−E 3 + E 1,2 ) 1 and (22) and (12) .
Finally, assume that neither E 1 , E 2 , E 3 nor E 1,2 are present in the isotropic decomposition of D. Then D · (E 1,2 − E 3 ) = 0, whence
and is 0 if and only if D 2 = 2. In this case, we have E 1 · D 2 and E 3 · D 2, so that E 1 · H 5 and E 3 · H 5. Hence, β = 0 by (11) .
where D is effective with D 2 0. By symmetry between E 1 and E 2 , we may assume that D ≡ kE 2 for any k 1. We apply Lemma 5.3 with G 1 = E 1 and G 2 = E 1,2 .
We (18) and the fact that D ≡ kE 2 . Therefore, γ = 0.
By (17) and the fact that (
Similarly, h 0 (2E 1 + 2E 1,2 − H + K S ) = 0. Hence, δ = 0.
To check that the multiplication map µ E 1 + E 1,2 , E 2 + D is surjective, we apply Lemmas 5.5 and 5.6, cf. Remark 5.
is surjective, since (18) and the fact that (E 1 + E 1,2 − E 2 ) 2 = −2 imply that
Likewise, all multiplication maps µ E 1 + E 1,2 +j E 2 , E 2 for 1 j α 2 are surjective, since
for 0 j α 1 − 1, are surjective, as well as all µ (α 1 +1) E 1 + E 1,2 +(α 2 +1) E 2 +j E 1,2 , E 2 , for 0 j α 0 − 1. Finally, for any i ∈ {3, . . . , 10} and any 0 j α i − 1, set (18) . It follows by Lemma 5.6 and Remark 5.7 that
we are done by (f). If any E j , for j = 1, 2, is present in D, we are done by (e). We have therefore left to treat the case where H ≡ a 1 E 1 + a 0 E 1,2 , with a 1 3 and a 0 2. By symmetry, we may assume that a 1 a 0 . As in the previous case, we apply Lemma 5.3 with G 1 = E 1 and G 2 = E 1,2 .
We (18) . Therefore, γ = 0.
We have
To check that the map µ
is surjective, we apply Lemma 5.6.
is surjective by [39, Thm. 6.1]. Finally, for 0 j (18), whence all µ (a 0 +j) E 1 +(a 0 −1) E 1,2 , E 1 are surjective by Lemma 5.5. Hence, the map µ E 1 + E 1,2 ,(a 1 −1) E 1 +(a 0 −1) E 1,2 is surjective by Lemma 5.6.
(h) This case is treated as the previous one, exchanging the roles of E 1 and E 1,2 .
Lemma 6.2. Assume S is an unnodal Enriques surface and H a big and nef line bundle on S.
If h 1 (T S (− H)) = 0, then we are in one of the following cases: 
Proof. Up to rearranging indices, the decompositions above are the only ones not covered by Lemma 6.1, except for H ≡ E 1 + kE 3 + lE 1,2 , with k, l 1. Set F := E 1 + E 1,2 − E 3 . Then F 2 = 0, E 1,2 · F = 1 and E 3 · F = 2. Thus, H ≡ (k + 1)
is a simple isotropic decomposition, which can be rewritten, after renaming indices, H ≡ (k + 1)E 1 + E 1,2 + (l − 1)E 3 . This falls into case (e) of Lemma 6.1 if l 2, and is present in the list of this corollary if l = 1. We now study h 1 (T S (− H)).
• Cases E (IV ) + 17,4
and E (IV ) − 17,4 . We apply Lemma 5.2 with (18) . Similarly, we have h 1 (H − 2E 2 ) = h 1 (H − 2E 2 + K S ) = 0, so that α = 0.
We have 4 F 1 + 4 F 2 − 4 H = 0, whence β = 1 by definition. The result follows from Lemma 5.2. (See also Remark 6.4 below.)
• Case E (II) 13,3 . We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 . We find α = 0 as in case (I). We have 4F 1 
Hence, β = 2 by the exact sequence (13) . The result follows from Lemma 5.2.
• Cases E (II) + 13,4
and E (II) − 13,4 . We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 . We find α = 0 as above. We have 4F 1 
Hence β 1 by (12) . The result follows from Lemma 5.2.
• Case E (II) 10,3 . We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 . We find α = 0 as above. We have
Thus, h i (2 F 1 + 2 F 2 − H) = 0 for i = 0, 1 and h 0 (4 F 1 + 4 F 2 − H) = 4, so that β = 4 by (13). Lemma 5.2 yields the result.
• Case E (II) 9,3 . We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 . We find α = 0 as above. We have 2F 1 + 2F 2 − H = −E 3 , whence h i (2F 1 + 2F 2 − H) = h i (2F 1 + 2F 2 − H + K S ) = 0 for i = 0, 1 by (18) . We have 4F 1 +4F 2 −H = 2E 1 +2E 2 −E 3 , which has square 0. Since E 1 ·(4F 1 +4F 2 −H) = 1, we have h 0 (4F 1 +4F 2 −H) = h 0 (4F 1 +4F 2 −H +K S ) = 1 (using (18)). It follows that h i (2 F 1 +2 F 2 − H) = 0 for i = 0, 1 and h 0 (4 F 1 +4 F 2 − H) = 2, whence β = 2 by (13) . The result follows from Lemma 5.2.
• Cases E + 9,4 and E − 9,4 . We apply Lemma 5.3 with G 1 = E 1 and G 2 = E 1,2 . We have (17) . It follows that h 1 (2 F 1 + 2 F 2 − H) = 2 and h 0 (4 F 1 + 4 F 2 − H) = 0, whence β 2 by (13) . The result follows from Lemma 5.2.
• Case E 6,2 . We apply Lemma 5.2 with F 1 = E 1 and F 2 = E 2 . We have (H −2F 1 ) 2 = (E 2 + E 3 ) 2 = 2, whence h 1 (H − 2F 1 ) = h 1 (H − 2F 1 + K S ) = 0 by (18) . We have (18) . It follows that α = 0. We have (4F 1 + 4F 2 − H) 2 (18) and Riemann-Roch. We have ( (17) . Thus, h i (2 F 1 + 2 F 2 − H) = 0 for i = 0, 1 and h 0 (4 F 1 + 4 F 2 − H) = 4, so β = 4 by (13). Lemma 5.2 yields the result.
• Case E 4,2 . We apply Lemma 5.2 with (17) . Thus, h i (2 F 1 + 2 F 2 − H) = 0 for i = 0, 1 and h 0 (4 F 1 + 4 F 2 − H) = 8, so β = 8 by (13) . Lemma 5.2 yields the result.
• Case E 3,2 . The statement follows from the last assertion in Lemma 5.3, with it suffices to assume that both E 1 and E 2 are nef for the proof to go through. Similarly, in the cases E + 9,4 and E − 9,4 , it suffices to assume that E 1 and E 1,2 are nef. We draw some consequences from the last two lemmas:
Proof of Theorem 1. The cases not in the table of Lemma 6. • Cases E + 9,4 and E − 9,4 . Lemma 6.2 and Remark 6.3 imply that for (S, H) ∈ E + 9,4 , we have h 1 (T S (−H)) = 3 and h 1 (T S (−H + K S )) = 0. Thus χ + 9,4 has generically threedimensional fibers by Corollary 3.3. It also follows that h 1 (T S (−H)) = 0 for (S, H) ∈ E − 9,4 , whence χ − 9,4 is generically finite. • Case E 7,3 . By Lemma 4.1, the moduli map χ 7,3 is not generically finite, whence h 1 (T S (−H)) > 0 for (S, H) ∈ E 7,3 by Corollary 3.3, and also h 1 (T S (−H +K S )) > 0, since (S, H + K S ) ∈ E 7,3 as well. Lemma 6.2 then implies that h 1 (T S (−H)) = h 1 (T S (−H + K S )) = 1, in particular χ 7,3 has generically one-dimensional fibers by Corollary 3.3. Proposition 6.6. When φ = 2 and g is even or g = 3, the moduli map χ g,2 is generically finite if g 8, dominant if g = 3, 4, and with image of codimension 2 if g = 6.
Proof. By Lemma 6.2 we have h 1 (T S (− H)) = 0 if g 8, and the result follows from Corollary 3.3 and (10). In the remaining cases, as (S, H) and (S, H + K S ) both belong to E g,2 , which is irreducible by [8] , we must have h 1 (T S (−H)) = h 1 (T S (−H + K S )) = 1 2 h 1 (T S (− H) ), whence Lemma 6.2 yields
which is the dimension of a general fiber of χ g,2 by Corollary 3.3. Comparing dimensions of EC g,2 and R g yields the rest.
To finish the proof of Theorem 2 we will have to study the cases φ = 2 of odd genus with g 5. We will do this in the next two sections. Theorem 2 will follow from Propositions 6.6, 7.1 and 8.1.
7. The moduli maps on EC g,1 , EC
and EC
The aim of this section is to prove Theorem 3 together with the following result. (v) A general fiber of χ (II) − 9,2 has dimension 1.
(vi) The moduli maps χ g,2 are generically finite on all irreducible components of EC g,2 for all odd g 11.
To prove the mentioned results, recall that for (S, H) in E and E (II) − g,2 occur for g ≡ 1 mod 4) we have H ≡ kE 1 +2E 2 , g = 2k+1, k 2, whereas for (S, H) ∈ E g,1 , we have H ∼ (g−1)E 1 +E 2 .
Assume that E 1 and E 2 are nef and consider the double cover g : S → P := P 1 × P 1 defined by | E 1 + E 2 |, as in the beginning of §5.
We denote any line bundle on P by the obvious notation O P (a, b), its restriction to any effective divisor D ⊂ P by O D (a, b) , and for any sheaf F on P , we set F(a, b) := F ⊗ O P (a, b) . Recall that the branch divisor of g is a smooth curve R ∈ |O P (4, 4)|.
Proof. By [17, Lemma 3.1.6], we have g * T S ≃ T P (−2, −2) ⊕ T P R , where T P R := Ω P (log R) ∨ or is equivalently defined as in (7) . We therefore have
The next lemma is the main ingredient in the proof of Proposition 7.1. Lemma 7.3. For any (S, H) such that H ≡ kE 1 +2E 2 with E 1 and E 2 nef and E 1 ·E 2 = 1, we have
if k = 4 (g = 9) 0, if k 5 (g 11)
Proof. We will compute h 1 (T S (− H)) using Lemma 7.2 and use (10) . We have a natural exact sequence (cf., e.g., [17, 2. 3b])
Hence, from Lemma 7.2 and (23), we obtain
with ∂ the coboundary map H 0 (O R (k − 2, 0)) → H 1 (Ω P (k − 2, 0)) of (23). When k = 2, whence g = 5, we have
which is injective, its image being the 1-dimensional subspace of H 1,1 (P ) generated by the class of R. Thus, cork(∂) = 1 and the lemma follows from (24) and (10) .
Similarly, by (24) and (10) the lemma follows when k > 2 if we prove the surjectivity of ∂. It suffices to prove that its restriction to the image of the multiplication map
is surjective. This restriction is the composed map 2, 0) ), where φ 1 is the tensor product of the identity with the same map H 0 (O R ) → H 1 (Ω 1 P ) ≃ H 1,1 (P ) as above, and φ 2 is defined by cup-product.
As we saw, the map φ 1 is injective, and its image is
. By the Künneth formula we have 2) ) . Hence the map
is the tensor product of the identity on the first factor and of the natural map H 1 (Ω 1 P ) → pr * 2 H 1 (Ω P 1 ) which maps C · [R] isomorphically to the target pr * 2 H 1 (Ω P 1 ) ≃ C. Hence φ 2 maps the image of φ 1 isomorphically onto H 1 (Ω 1 P (k − 2, 0)), showing that the composed map (25) is surjective. Thus, ∂ is surjective, which ends the proof. (respectively, χ (II) − 9,2 ) having dimension 2 (resp., 1). Hence, equality is attained on special fibers, whence also on general fibers.
(vi) This is an immediate consequence of Corollary 3.3 and Lemma 7.3.
We next prove Theorem 3. We recall that the moduli spaces E g,1 are all irreducible (cf. [8] ). By Corollary 3.3, the theorem is a consequence of the following lemma. Lemma 7.4. For general (S, H) ∈ E g,1 , g 2, we have h 1 (T S (−H)) = max{0, 10 − g}.
Proof. By (10) and the fact that E g,1 is irreducible, it suffices to prove that h 1 (T S (− H)) = max{0, 20 − 2g}.
Consider σ 1 ∈ H 0 (O R (4, 2) ) and σ 2 ∈ H 0 (O R (2, 4)) two sections (uniquely defined up to constants) whose zero schemes Z(σ 1 ) = Z 1 and Z(σ 2 ) = Z 2 are the ramification divisors of the 4 : 1 maps R → P 1 defined by the two projections of P to P 1 . Note that Z 1 ∩ Z 2 = ∅. Indeed a point in Z 1 ∩ Z 2 would be singular for R, a contradiction.
We remark for later use that the scheme Z 1 ∈ |O R (4, 2)| = |ω R (2, 0)| has length 24 and consists of the ramification points of the first projection R → P 1 , thus of the points where the fibers in |O R (1, 0)| are tangent to R. On S these fibers become singular members of | E 1 |, that are mapped pairwise onto singular members of |2E 1 | on S. Thus, if S is general, Z 1 consists of 24 points on distinct elements of |O R (1, 0)|, as otherwise we would obtain a member of | E 1 |, whence of |2E 1 |, containing a smooth rational component.
For every integer k 1, consider H k ∼ kE 1 + E 2 . Note that H = H g−1 .
Claim 7.5. For every k 1, one has
Proof of the Claim. We have an exact sequence (cf., e.g. [17, 2. 3c])
Since Ω P (k + 2, 3) ≃ O P (k, 3) ⊕ O P (k + 2, 1), we have h 1 (Ω P (k + 2, 3)) = 0, whence
(where the left equality follows from Lemma 7.2). Using the fact that ω R ≃ O R (2, 2), we may write H 0 (γ) as
Moreover, computing dimensions yields that the source has dimension 6k + 10 and the target has dimension 4k + 28, whence (28) cork(H 0 (γ)) = 18 − 2k + dim(ker H 0 (γ)).
We have H 0 (γ) = γ 1 + γ 2 , where
Since h 0 (O P (k − 2, −3)) = 0, the restriction map H 0 (O P (k + 2, 1)) → H 0 (O R (k + 2, 1)) is injective (but not surjective). It follows that γ 2 is injective and
Thus, (26) follows from (27) , (28) and (29) .
Claim 7.6. If 1 k g − 1 and (S, H) is general, then h 0 (O P (k + 2, 1) ⊗ J Z 1 ) is even.
Proof of the Claim. By (10) written for H k , the fact that (S, H) is general (whence also all (S, H k ) are general) and the fact that E k+1,1 is irreducible, we have h 1 (T S (−H k )) = h 1 (T S (−H k +K S )), so that h 1 (T S (− H k )) is even. Hence the claim follows from (26) .
Claim 7.7. One has h 0 (O P (k + 2, 1) ⊗ J Z 1 ) = 0 for 1 k 9 and (S, H) general.
Proof of the Claim. Assume h 0 (O P (k+2, 1)⊗J Z 1 ) > 0. Then h 0 (O P (k+2, 1)⊗J Z 1 ) 2 by Claim 7.6. Write |O P (k + 2, 1) ⊗ J Z 1 | = M + ∆, where M is the moving part and ∆ the fixed part. Assume first that ∆ contains an irreducible curve B ∈ |O P (β, 1)|, for some β k + 2. Then ∆ = B + F 1 + · · · + F α , where F i ∈ |O P (1, 0)| and 0 α k + 2 − β. Hence M consists of divisors in |O P (k + 2 − α − β, 0)|. Since M has no fixed part, then Z 1 ⊂ ∆. Therefore M = |O P (k + 2 − α − β, 0)| and ∆ is the unique curve in |O P (α + β, 1) ⊗ J Z 1 |. In particular h 0 (O P (α + β, 1) ⊗ J Z 1 ) = 1. So Claim 7.6 implies that α + β 2. As Z 1 ⊂ R ∈ |O P (4, 4)|, then we must have 24 = deg(Z 1 )
O P (α + β, 1) · O P (4, 4) = 4(α + β + 1) 12, a contradiction.
The remaining case is ∆ = F 1 + · · · + F α where F i ∈ |O P (1, 0)| and 0 α k + 2. Let Z ′′ be the largest subset of Z 1 contained in ∆ and set Z ′ = Z 1 − Z ′′ . We thus have M = |O P (k + 2 − α, 1) ⊗ J Z ′ | and dim(M ) = h 0 (O P (k + 2, 1) ⊗ J Z 1 ) − 1 1 by Claim 7.6. As M is base component free, it contains irreducible members. Hence deg(Z ′ ) O P (k + 2 − α, 1) 2 = 2(k + 2 − α). Since deg(Z ′′ ) α, because the points of Z 1 lie in different elements of |O P (1, 0)|, we have 2(k + 2) 2α + deg(Z ′ ) 2 deg(Z ′′ ) + deg(Z ′ ) deg(Z 1 ) = 24. Hence k 10, which proves the claim.
We can now finish the proof of the lemma. By (26) written for k = g − 1, we have
Assume g 10. By Claim 7.7 we have h 0 (O P (g+1, 1)⊗J Z 1 ) = 0, whence h 1 (T S (− H)) = 20 − 2g by (30) , as wanted.
Assume g 11. For any n 0 and F ∈ |O P (1, 0)| such that F ∩ Z 1 = ∅, we have
for every i ∈ {0, . . . , g}. Setting i = g − 11 and applying Claim 7.7 we get
Inserting in (30) we get h 1 (T S (− H)) = 0, as wanted.
8. The moduli maps on EC
In this section, we prove the following, which concludes the proof of Theorem 2.
Proposition 8.1. The map χ (I) g,2 is generically finite for g 9 and has generically one-dimensional (respectively, three-dimensional) fibers if g = 7 (resp., g = 5).
Recall that the irreducible component E (I) g,2 occurs for all odd g, and correspond to polarizations kE 1 + E 1,2 , with g = 2k + 1. We will specialize to nodal Enriques surfaces, and use some auxiliary results on E 2k+2,2 (polarizations kE 1 + E 2 + E 3 ).
Lemma 8.2.
There exists an Enriques surface S containing three nef, primitive isotropic divisors E 1 , E 2 and E 3 and a smooth rational curve Γ such that 
By [15, Lemma 1.6.2] there exists a B ∈ Pic(S) such that 3B ∼ F 1 + · · · + F 10 . Set (19) , and dotting both sides with F i yields q = 2. In particular, F ij is nef. The divisors E 1 := F 45 , E 2 := F 2 , E 3 := F 3 and Γ := D 4 satisfy property (i). By [13, §7] H) such that S contains a smooth rational curve Γ satisfying, possibly after reordering indices, Γ · E 1 = 0 and Γ · E 2 = Γ · E 3 = 1. Lemma 8.2 shows that E ′ 4,2 = ∅. We want to prove that E ′ 4,2 is irreducible in order to obtain Corollary 8.4. To this end, we argue as in [8, §4] . Fix homogeneous coordinates (x 0 : x 1 : x 2 : x 3 ) on P 3 and let T = Z(x 0 x 1 x 2 x 3 ) be the coordinate tetrahedron. Consider the linear system S of surfaces of degree 6 singular along the edges of T (called Enriques sextics). They have equations of the form
This shows that dim(S) = 13 and we may identify S with the P 13 with homogeneous coordinates q = (c 0 : c 1 : c 2 : c 3 : q 00 : q 01 : q 02 : q 03 : q 11 : q 12 : q 13 : q 22 : q 23 : q 33 (b) Each F ∈ F is contained in an 8-dimensional linear system of Enriques sextics.
Proof. (a) Each F in F spans a plane Π F ⊂ P 3 , which intersects the edges of T in six points. The set of plane conics through four of these six points is a P 1 . Thus, (a) follows. (b) The linear system S of the Enriques sextics cuts out on each F ∈ F a linear system of divisors with base locus (containing) T ∩ F and a moving part of degree (at most) 4, whence of dimension at most 4. Hence F is contained in a linear system S F of Enriques sextics of dimension at least 8.
We claim that for each F ∈ F, one has dim(S F ) = 8. Consider the restriction rational map ρ F : S S| F , whose indeterminacy locus is S F . Pick any Enriques sextic Σ containing F and let S be its normalization. We consider by abuse of notation F as a curve in S. Then ρ F factors through the restriction ρ S to S and the restriction ρ S,F from S to F , i.e., ρ F : S ρ S S| S ρ S,F S| F . The indeterminacy locus of ρ S is just Σ.
Therefore, if S S,F is the indeterminacy locus of ρ S,F , we have dim(S F ) = dim(S S,F ) + 1. So we have to prove that dim(S S,F ) = 7. The restricted linear system S| S is |2(E 1 +E 2 +E 3 )|; indeed, it is the sublinear system of |6(E 1 + E 2 + E 3 )| having base locus twice the sum of the pullback of the edges of the tetrahedron, which is
Hence S S,F is the projectivization of the kernel of the restriction map
We want to prove that dim(S S,F ) = dim(|D|) = 7, which amounts to proving that h 1 (D) = 0. Assume h 1 (D) > 0. Then, by [25] , there exists an effective divisor ∆ such that ∆ 2 = −2 and ∆ · D −2. In particular, ∆ · F 2. Since F is mapped by the morphism ϕ defined by |E 1 + E 2 + E 3 | to a smooth conic, ∆ cannot be contracted by ϕ. Hence, [13, §7] ), neither E i + E j − E k nor E i +E j −E k +K S is linearly equivalent to an effective divisor. It is clear that lE i +E j −E k cannot be numerically equivalent to an effective divisor if l 0.
Assume therefore, to get a contradiction, that lE i + E j − E k is numerically equivalent to an effective divisor ∆ for some l 2. We claim that
This yields the desired contradiction, as E k · (2E i − ∆) = 1 − l < 0. Let us prove (31) by induction on l. We may assume that ∆ does not contain any multiple of E i or E i + K S , as otherwise (l − 1)E i + E j − E k would be numerically equivalent to an effective divisor. Since ∆ · E i = 0, we have (32) ∆ ′ 2 −2 for every effective subdivisor ∆ ′ of ∆ by (19) . Pick a (−2)-curve γ ∆. Since |2E i | is an elliptic pencil and γ · E i = 0, it follows that γ must be part of a fiber of the elliptic fibration defined by |2E i |, whence 2E i − γ > 0. Set ∆ ′ := ∆ − γ. If ∆ ′ > 0, then, using (32), we find
whence ∆ ′ · γ 1. Hence, there exists a (−2)-curve γ ′ ∆ ′ such that γ ′ · γ 1; more precisely, we have γ ′ · γ = 1, since otherwise (γ + γ ′ ) 2 0, contradicting (32) . Since γ ′ ·(2E 1 −γ) = −1, we must have 2E 1 −γ −γ ′ > 0. Repeating the procedure, if necessary, eventually yields (31) .
Recall that by [8] the spaces E 2k+2,2 are irreducible and that H ∼ kE 1 + E 2 + E 3 for (S, H) ∈ E 2k+2,2 in the usual notation. Let k 2. We define a dense, open subset E • 2k+2,2 ⊂ E 2k+2,2 parametrizing pairs (S, H = kE 1 + E 2 + E 3 ) such that E 1 , E 2 , E 3 are nef and both |E 1 + E 2 + E 3 | and |E 1 + E 2 + E 3 + K S | map S birationally onto a sextic.
There is a closed irreducible subset E ′ 2k+2,2 ⊂ E • 2k+2,2 of codimension one parametrizing (S, H) such that S contains a smooth rational curve Γ with Γ · E 1 = 0 and Γ · E 2 = Γ · E 3 = 1. Indeed, this follows arguing as in the proof of Corollary 8.4, replacing the map σ 4,2 with the natural map σ 2k+2,2 : S E 2k+2,2 , which assigns to a general Σ ∈ S the pair (S, H), where ϕ : S → Σ is the normalization and H = kϕ * (ℓ 1 )+ϕ * (ℓ 2 )+ϕ * (ℓ 3 ).
We set EC • 2k+2,2 := p −1 2k+2,2 (E • 2k+2,2 ) ⊂ EC 2k+2,2 and EC ′ 2k+2,2 := p −1 2k+2,2 (E ′ 2k+2,2 ) ⊂ EC • 2k+2,2 . Note that the latter is irreducible of codimension one in EC • 2k+2,2 . We also denote by p • 2k+2,2 : EC • 2k+2,2 → E • 2k+2,2 and c • 2k+2,2 : EC • 2k+2,2 → M g the restrictions of p 2k+2,2 and c 2k+2,2 , respectively, to EC • 2k+2,2 . The next lemma is stronger than the results proved in Section 6 for polarizations kE 1 + E 2 + E 3 , as it holds even for nodal surfaces. Proof. We apply Lemma 5.2 with H = kE 1 + E 2 + E 3 , F 1 = E 1 and F 2 = E 2 , and (10).
Since H − 2F 1 ≡ (k − 2)E 1 + E 2 + E 3 is big and nef, we have h 1 (H − 2F 1 ) = h 1 (H − 2F 1 + K S ) = 0. We have H − 2F 2 ≡ kE 1 + E 3 − E 2 , which is not numerically equivalent to an effective divisor by Lemma 8.5. Since E 2 · (H − 2F 2 ) > 0, we have h 2 (H − 2F 2 ) = h 2 (H − 2F 2 + K S ) = 0 by Serre duality. As (H − 2F 2 ) 2 = −2, we obtain that h 1 (H − 2F 2 ) = h 1 (H − 2F 2 + K S ) = 0 by Riemann-Roch. Hence α = 0.
To compute β, we use (13) . We have H − 2F 1 − 2F 2 ≡ (k − 2)E 1 + E 3 − E 2 , whence, by Lemma 8.5 as above, h i (H − 2F 1 − 2F 2 ) = h i (H − 2F 1 − 2F 2 + K S ) = 0 for i = 0, 1, 2. In particular, β = h 0 (4F 1 + 4F 2 − H) + h 0 (4F 1 + 4F 2 − H + K S ) by (13) . We have 4F 1 + 4F 2 − H ≡ (4 − k)E 1 + 3E 2 − E 3 . As E 2 · (4F 1 + 4F 2 − H) = 3 − k, we see that β = 0 if k 4. Moreover, β = 0 if k = 3 by Lemma 8.5. If k = 2, we claim that β = 4. Indeed, as (4F 1 + 4F 2 − H) 2 = 2, the claim follows if we prove that h 1 (D) = 0 for D ≡ 2E 1 + 3E 2 − E 3 . If, by contradiction, h 1 (D) > 0, there is by [25] an effective divisor ∆ such that ∆ 2 = −2 and ∆ · D −2. Then (D − ∆) 2 4 and (D − ∆) · (E 1 + 2E 2 ) D · (E 1 + 2E 2 ) = 4. Since (E 1 + 2E 2 ) 2 = 4, the Hodge index theorem yields D − ∆ ≡ E 1 + 2E 2 , whence ∆ ≡ E 1 + E 2 − E 3 , contradicting Lemma 8.5. We have therefore proved that β = 4 when k = 2.
By Lemma 5.2, we have h 1 (T S (− H)) = 0 if k 3 and h 1 (T S (− H)) = 4 if k = 2, and the result follows from (10). Proof. The first assertion is immediate from Lemma 8.6 and Lemma 3.1, and the second from the same lemmas and Lemma 3.5(v). be general and consider it as a hyperplane section in the classical Enriques-Fano threefold Y in P 13 , cf. §4. As in the proofs of Lemmas 4.6 and 4.2, by projecting Y from the span of E 2 + E 3 we obtain a threefold Y ′ ⊂ P 6 , not a cone, having as hyperplane sections projective models of Enriques surfaces ϕ H (S), with (S, H ∼ 2E 1 + E 2 + E 3 ) ∈ E 6,2 (with two double lines), including those in E ′ 6,2 . Consider the pencil l of hyperplane sections of Y ′ generated by one ϕ H (S) with (S, H) ∈ E ′ 6,2 and one ϕ H ′ (S ′ ) with (S ′ , H ′ ) ∈ E • 6,2 general. Let C ′ 0 be the base curve of l, and C 0 its normalization. Normalizing the total space of l, we obtain a family of Enriques surfaces with smooth general member, and one member as in Lemma 8.2, all containing C 0 . We have thus found a component Z of c Proof of Proposition 8.1. If g = 5, that is, H ∼ 2E 1 + E 1,2 , we first apply Lemma 5.3 with G 1 = E 1 and G 2 = E 1,2 to compute h 1 (T S (− H)). We have H − G 1 − G 2 = E 1 , whence γ = 0. We have 2G 1 +2G 2 −H = E 1,2 , whence δ = 2. Finally, the multiplication map µ E 1 + E 1,2 , E 1 is surjective by Lemma 5.5, as h 1 ( E 1 + E 1,2 − E 1 ) = h 1 ( E 1,2 ) = h 1 (E 1,2 ) + h 1 (E 1,2 + K S ) = 0.
Hence, ǫ = 0. Thus, h 1 (T S (− H)) = 6 by Lemma 5.3 and the result follows as in the proof of Proposition 6.6. We henceforth assume g 7. Let (S, kE 1 + E 2 + E 3 ) ∈ E ′ 2k+2,2 be general, k 2. We claim that (S, H) ∈ E (I) 2k+3,2 , for H := kE 1 + E 2 + E 3 + Γ. Indeed, set B := E 2 + E 3 + Γ. Then B is nef with B 2 = 4 and φ(B) = 2 (as E 2 · B = E 3 · B = 2). Since also E 1 · B = 2, we may write B ∼ E 1 + E 1,2 for some isotropic, primitive E 1,2 satisfying E 1 · E 1,2 = 2. Thus H ∼ kE 1 + E 2 + E 3 + Γ ∼ kE 1 + B ∼ (k + 1)E 1 + E 1,2 , proving the claim.
Denote by EC 2k+3,2 is generically finite for k 3, that is, g 9, and so is χ
We have left to consider the case k = 2, that is, g = 7. Since the dimension of the fibers of χ Proof. The result follows from Lemma 3.5(ii),(iv), Propositions 6.6 and 8.1.
